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Abstract 

A superparticle action which is globally supersymmetric in the target space is proposed. 
The super symmetry is the supersymmetric extension of the rotation group 0(3). 

1 Introduction 

The superparticle action [1,2] was designed to be invariant under a supersymmetry transformation 
in the target space. This supersymmetry was taken to be the supersymmetric extension of the 
Poincare group. 

It is possible to make supersymmetric extensions of other groups; in particular groups of trans- 
formations on spaces of constant curvature [3] . In this paper we devise an action for a superparticle 
which has a target space invariance that is a supersymmetric extension of the rotation group 0(3), 
associated with the sphere £2 defined by 

(x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 = r 2 . (1) 



2 The Superparticle 

The rotation group 0(3) leaves the quadratic form of eq. (1) invariant. The generators of this 
group, J a have the algebra defined by 

[J a , J b ] = ie abc J c . (2) 

*Email: dgmckeo2@uwo.ca 



1 



One can extend this group [3,4] by introducing Fermionic spinor generators Qi, Q\ plus an additional 
Bosonic generator Z so that one has the algebras defined by the (anti-)commutators 

{Q t ,Q]} = ZS tl TK r J a (3a) 

[J a M = -\{r a Q)i (3b) 

[Z,Qi] = ^Qi (3c) 

in addition to eq. (2). The Pauli matrices r a satisfy 

T a T b = S ab + ie abc T c ^ 

7*7& = 2S i£ 8 kj - SijSkt (4b) 

<M + T^Sij = T^S kj + t^Su (4c) 

e abc 4r c M = i (rfA, - r a kj 8 u ) (4d) 

r!A = \ [5 ab S ie S kj + te abc (rf e 5 kj - 5 u r c kj ) + r^ b kj + r^r« - 5 a %r c kj ] . (4e) 
(There is an additional extension of the 0(3) algebra whose (anti)-commutators are 

[Q t , Q 3 ] = T°J a [Q u Q]) = r«Z a (5a, b) 

[J a , Qi] = -±T*Qj [Z a , Qi] = (5c, d) 

[J* } J b ] = ie abc J c [Z a , Z b ] = -ie ahc J c (5e, /) 

[J a ,Z b ] = ie abc Z c (5g) 

where Q = Q t t 2 and Z a is a Bosonic vector.) 

We now introduce Bosonic vector coordinates x a (r), a Bosonic scalar coordinate /3(t), and 
Fermionic spinor coordinates 9i(r) for a superparticle moving along a trajectory parameterized by 
r on the sphere S2 defined by eq. (1). Next, we define 

Y a = (5x a - fix a + e abc x b x c + % (e ] T a 9 - flVfl) (6) 

and note that 5Y a = under the supersymmetry transformation 

5(3 = _ e t# _ 0t e (7a) 

59 = (-ir -x-/3)e (7b) 

69^ = e j <(iT-x- 0) (7c) 

Sx a = i(^ r a 9 - 6>V a e) (7d) 



where e is a constant Fermionic Dirac Spinor. In addition, the quantity 



R 2 = x a x a - 26 ] 6 + /3 2 (8) 

is also invariant under the transformation of eq. (7). For an ordinary massless particle moving on 
a sphere S2 we would have the Lagrangian 

L = -1 U abc x b x c ) 2 + A (x a x a - r 2 ) (9) 
2e 

where A(r) is a Lagrange multiplier and e(r) is an einbein field. This we now generalize to 

L= L Y a Y a + \(x a x a -26^6 + (3 2 - R 2 ) . (10) 

This Lagrangian is obviously invariant under the global supersymmetry transformation of eq. (7). 
The generator of the transformation of eq. (7) is e*Q + Q^e where 

Q = -e-^ + (iT.x-(3) w + iT.V9 (11a) 

Qt = -flt^L + A(, r . x + p) _ W t T . v . (116) 
These generators appear also in refs. [3,4]. By using eq. (4), it can be verified that if 

8 t A = (e\Q + <$€i) A (12) 

then the Jacobi identity 

( [Si, [62, Ss]] + [62, [S3, + [S3, S 2 \] )A = (13) 

is satisfied. 

It is not immediately clear if in addition to the global supersymmetry of eq. (7) there is also a 
local supersymmetry that is analogous to the local /t-supersymmetry of Siegel [5] which is present in 
the superparticle action of refs. [1,2]. One way of uncovering a local symmetry is to make use of the 
first class constraints that appear when using the Dirac formalism [6] for analyzing the canonical 
structure of a model [7,8]. This approach has been used in conjunction with the superparticle of 
refs. [1,2] in d = 3 and d — 4 dimensions in ref. [9] to derive k symmetry. We now make some 
preliminary steps in this direction for the model of eq. (10). 

The canonical momenta conjugate to (x a , (5, A, e, Q\ 9) respectively are given by 

p a = - (-(3Y a + e abc Y b x c ) (14a) 

e 

pp = hx a Y a (146) 



Px = (14c) 

Pe = (I4d) 

tt = - (r • y0) (14e) 

e 

^ = ^V-y). (14/) 

(We use the left hand derivative for Fermionic variables.) From eqs. (14a,b) it follows immediately 
that we have the primary constraint 

n = x a p a + ppp = 0. (15) 

Furthermore, from eq. (14a) we obtain 

Y a = [~^ b + e«V - p b (16) 

and so eqs. (14d,e) result in two more primary constraints 

X = n-iZ6 = Q (17a) 
x t = _ jfltg = (176) 

where 

' -(3p a + e abc x b p c - \x a x -p\T a . 



x 2 + ^ 2 V P 
Eq. (17) is immediately seen to provide a pair of primary second class constraints a£] (using eq. 
(4e)) 

{x,^} = j(p-t6^-6^ P -t6) (18) 

+2% [(1 + 20*0)5 - 20*50] . 
The canonical Hamiltonian for our system is given by 

H c = fin + 6 t ti ]T + x a p a + j3pp - L 



1 For Poisson Brackets (PB) involving Bosonic variables Bi and Fermionic variables Fi, depending on Bosonic 
canonical pairs (q,p) and Fermionic canonical pairs (ip,n), we use the conventions 

{Bi, B 2 } = {Bi tq B 2 , p — B 2 , q Bi tP ) + (Bi^B 2 ^ — B 2 ^Bi^) 

{B, F} = - {F, B} = (S q Fj, - F ? B P ) + {B, + F^B^) 
{F\, F 2 } = (Fi^ q F 2 , p + F 2 , q Fi^ p ) — (Fi^F 2 .tt + F 2 ^Fi^) ■ 



which by eq. (16) becomes 

1 



= -^Y a Y a -\(x 2 - 26^9 + (3 2 - R 2 ) (19) 
2e 



■(P 2 +Pl) - A(x 2 - 29^9 + /3 2 - R 2 ) . (20) 



2 x 2 + f3 2 

Eqs. (14c, d; 15; 17a,b) are all primary; eqs. (14c, d) imply the secondary constraints 

£i = x 2 - 29^9 + (3 2 - R 2 = (21a) 

and 

=» = ^ = »- < 216 > 

The PB {II, £ 2 } weakly vanishes but the PB {n, Si} does not. However, to classify the constraints 
(n, £i, £2) it would be first necessary to define the Dirac Bracket (DB) that follows from the 
second class constraints of eq. (17) and then see whether or not the DB of any two of (II, Ei, E 2 ) 
weakly vanishes. The first class constraints can then be used to construct the generator of a local 
supersymmetry gauge transformation. This is what can be done with the superparticle model of 
refs. [1,2] (see ref. [9]); the local n supersymmetry is a consequence of the first class constraints of 
this model. However, it is not immediately apparent how to use eq. (18) to define an appropriate 
DB for the model of eq. (10). We do speculate that never the less a local supersymmetry is a gauge 
symmetry for this model. 



Conclusions 

We have introduced a Lagrangian that is invariant under a global supersymmetry transformation 
that is an extension of the rotation group 0(3). It is possible that there is also a local supersymmetric 
transformation that leaves this Lagrangian unchanged. 
We note that the stereographic projection 

xa = ^f (° =1 ' 2 ) ( 22a ) 

- 3 = r ( r ^) m 



^•?2 j 

can be used to map coordinates on the surface of a sphere S 2 defined by eq. (1) onto the Euclidean 
plane defined by (77 1 , r; 2 ) . If instead of eq. (1), we have the constraint of eq. (21a), we would replace 
r 2 in eq. (22) with R 2 + 29^9 - /3 2 . 

It would be of interest to find superparticle Lagrangians that are invariant under supersymmetric 
extensions of other symmetry groups associated with spaces of constant curvature, such as AdS and 
dS spaces. Quantization of such models would be non-trivial. 

We note that there recently has been some interest in exploring supersymmetry in curved spaces; 
see for example ref. [10]. 
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